1. Introduction. The idea of a Bernoulli polynomial, generalized so as to allow of a continuous variation of the index of its degree, is not a new one. f In the present paper the writer has developed a simple definition of a generalized Bernoulli polynomial of order one which brings the Bernoulli polynomial into direct relationship with the generalized Riemann zeta-function. Another very interesting property of this generalization of the Bernoulli polynomial is brought out in §7.
Difference Equation Considered
. For the purposes of this paper in dealing with a complex power s of a complex number /, if t = re id , then Pzstr +ir = e?l l°* r+i6 \ (-T<0^T) .
The following difference equation will frequently be referred to:
-[ƒ0 + w, s) -ƒ(>, s)\ = sx 8 -1 , w where the difference interval w is taken real and positive. Also there will be occasion to impose the asymptotic condition : f or any value of s such that R(s) <0,
There will also be occasion to refer to the following regions on the x and s planes : Region X. All points on the x plane other than the negative axis of reals and the origin.
Region S. All points on the s plane within and on the boundary of a circle of radius M centering at the origin, (usually taken arbitrarily large, see §5). (3), with difference interval equal to unity, which takes on the value of the corresponding Bernoulli number B 8 when # = 0. Nörlund has termed the polynomial above the "Bernoulli polynomial" (of order one), with difference interval equal to one, and has defined Bernoulli polynomials of positive and negative order n for all integral values of n, where the difference interval w is not restricted to be equal to unity (N., pp. 129, 138) .
Uniqueness of an
The author has found it of interest to set up a definition of a generalized Bernoulli polynomial B 8 (x> w) of order one where s and x are allowed to take on complex values. To avoid complications, w has been taken as real and positive. 
It is not difficult to verify the following statements concerning this function for x in region X and s in region S.
(i) For any fixed value of x in region X, f(x, s) exists and is an analytic function of s in S.
(ii) The function f\x, s) defined above is a solution of the difference equation (1). This is easily verified as follows. Consider the infinite integral as a sum of an infinite series of integrals with limits at 0, w, 2w, • • • . Then take the difference of each side of the equation with respect to x with difference interval w. This reduces the infinite series of integrals to one integral, and the expression on the right is easily recognized to be the Euler-Maclaurin expansion of s(x-\-hw)*~l in terms of its first differences. 
6, Multiplication Equation Satisfied by* B 8 (x, w). The difference equation
is satisfied by ^n k^B8 {x+kw/n y w) and n l~8 B 8 (nx, w) . When R(s) <0 the asymptotic value of each of these functions, as R(x) becomes positively infinite, is zero. Thus, with the reasoning employed in the proof of Lemma 1, it follows that n-1 7. An Interesting Property of B 8 (x, w) . Define function <j> s (x)by the relation :
Using the fact that B 8 (x, w) is a solution of the difference equation (3), one arrives at the conclusion that (x, w) .
We may write L(x+w, s) in the form
The integrand of these integrals is analytic as a function of z over the region bounded by the two lines R(z) =0 and R(z) =w except for a pole at z = w/2. The residue of this pole is s(x+w/2) s~1 .
Hence the integral taken around the rectangle bounded by the two lines referred to above, and lines parallel to the axis of reals at -iN and -\-iN (N real and positive) comes to ws(x+w/2) s~1 .
As 7(z)->± °°, the absolute value of the integrand goes to zero like t s e~c t , /->oo, uniformly for 0^R(z)^w (c real and positive). It follows that if we let iV->oo, the contributions to the circuit integral made over the above lines at ±iN approach zero. Thus, from (11) and (12), we have 
When R(x)>0, the functions on each side of this relation, considered as functions of s, are defined and analytic over the finite 5 plane. Thus the above equation holds for all values of s, and we can state the following theorem.
THEOREM. For R(x)>0 and for all values of s, the generalized Bernoulli polynomial of order one is related to the generalized Riemann zeta-function by equation (17).
As far as the writer is aware, this is the first time that the relation (17) has been set up for values of s other than integers. The fact that it has been worth while to study the zeta-function as a function of a complex variable, may, by reason of equation (17), mean that the study of a generalized Bernoulli polynomial will yield further interesting and worth while results. In passing it is interesting to note that the relation (17) may serve to extend the domain of definition of f (#, s), for all values of s } to values of x over all of region X. * See, for example, Whittaker and Watson, Modern Analysis, 3rd éd., Chap. 13.
